The dynamic dipole polarizabilities for the Li atom and the Be + ion in the 2 2 S and 2 2 P states are calculated using the variational method with a Hylleraas basis. The present polarizabilities represent the definitive values in the non-relativistic limit. Corrections due to relativistic effects are also estimated. Analytic representations of the polarizabilities for frequency ranges encompassing the n = 3 excitations are presented. The recommended polarizabilities for 7 Li and 9 Be + were 164.11 ± 0.03 a 3 0 and 24.489 ± 0.004 a 3 0 .
I. INTRODUCTION
The advent of cold atom physics has lead to increased importance being given to the precise determination atomic polarizabilities and related quantities. One very important source of systematic error in the new generation of atomic frequency standards is the blackbody radiation (BBR) shift [1] [2] [3] . The differential Stark shifts caused by the ambient electromagnetic field leads to a temperature dependent shift in the transition frequency of the two states involved in the clock transition. The dynamic polarizability is also useful in the determination of the magic wavelength in optical lattices [4] [5] [6] [7] . Another area where polarization phenomena is important is in the determination of global potential surfaces for diatomic molecules [8] .
When consideration is given to all the atoms and ions commonly used in cold atom physics, the Li atom and Be + ion have the advantage that they have only three electrons. This makes them accessible to calculations using correlated basis sets with the consequence that many properties of these systems can be computed to a high degree of precision. The results of these first principle calculations can serve as atomic based standards for quantities that are not amenable to precision measurement. For example, cold-atom interferometry has been used to measure the ground state polarizabilities of the Li and Na atoms [9, 10] . However the polarizability ratio, α d (X)/α d (Li) can be measured to a higher degree of precision than the individual polarizabilities [11] . So measurements of this ratio, in conjunction with a high precision ab-initio calculation could lead to a new level of accuracy in polarizability measurements for the atomic species most commonly used in cold-atom physics.
Calculations and measurements of Stark shifts are particularly important in atomic clock research since the BBR shift is predominantly determined by the Stark shift of the two levels involved in the clock transition. The best experimental measurements of the Stark shift have been carried out for the alkali atoms and accuracies better than 0.1% have been reported [12, 13] . Experimental work at this level of accuracy relies on a very precise determination of the electric field strength in the interaction region [13] [14] [15] . High precision Hylleraas calculations of the type presented here provide an invaluable test of the experimental reliability since they provide an independent means for the calibration of electric fields [16] .
The dynamic Stark shift in oscillating electromagnetic fields is also of interest. The socalled magic wavelength, i.e. the precise wavelength at which the Stark shifts for upper and lower levels of the clock transition are the same, is an important parameter for optical lattices. The present calculation is used to estimate the magic wavelength for the Li 2 2 S → 2 2 P transition. The present calculations of the AC Stark shift potentially provides an atomic based standard of electromagnetic (EM) field intensity for finite frequency radiation.
There have been many calculations of the static polarizabilities of the ground and excited states of the Li atom and the Be + ion [17] [18] [19] [20] [21] [22] [23] . The most precise calculations on Li and Be + are the Hylleraas calculations by Tang and collaborators [17, 23] . The Hylleraas calculations were non-relativistic and also included finite mass effects for Li. Large scale calculations using fully correlated Hylleraas basis sets can attain a degree of precision not possible for calculations based on orbital basis sets [19, 24, 25] . There have been many calculations of the dynamic polarizability for Li [18, [26] [27] [28] [29] [30] [31] [32] , but fewer for Be + [28, 30] . The present calculation is by far the most precise calculation of the dynamic polarizability that is based upon a solution of the non-relativistic Schrödinger equation. One particularly noteworthy treatment is the relativistic single-double all-order many body perturbation theory calculation (MBPT-SD) [33] . The J-weighted average is used for states with L ≥ 1. The ground-state energies for the ∞ Li + and ∞ Be 2+ ions are −7.2799134126693059 and −13.6555662384235867 a.u. respectively [34] . The ground-state energies for 7 Li + and 9 Be 2+ are −7.2793215198156744 and −13.6547092682827917 a.u. respectively [34] . Underlining is used to indicate digits that have not converged with respect to basis set enlargement. by Safronova et al. [32] . This calculation is fully relativistic and treats correlation effects to a high level of accuracy, although it does not achieve the same level of precision as the present Hylleraas calculation. The present work computes the dynamic dipole polarizabilities of the Li atom and the Be + ion in the 2 2 S, and 2 2 P levels using a large variational calculation with a Hylleraas basis set. This methodology allows for the determination of the computational uncertainty related to the convergence of the basis set. Analytic representations of the dynamic polarizabilities are made so they can subsequently be computed at any frequency. Finally, the difference between the calculated and experimental binding energies is used to estimate the size of the relativistic correction to the polarizability. The final polarizabilities should be regarded as the recommended polarizabilities for comparison with experiment. All quantities given in this work are reported in atomic units except where indicated otherwise.
II. THE STRUCTURE CALCULATIONS

A. Hamiltonian and Hylleraas coordinates
The Li atom and Be + ion are four-body Coulomb systems. After separating the center of mass coordinates, the nonrelativistic Hamiltonian can be written in the form [35] 
where r ij = |r i − r j | is the distance between electrons i and j, µ = m 0 m e /(m 0 + m e ) is the reduced mass between the electron and the nucleus, and Z is the nuclear charge. In our calculation the wave functions are expanded in terms of the explicitly correlated basis set in Hylleraas coordinates: 31 e
where
is the vector-coupled product of spherical harmonics to form an eigenstate of total angular momentum
and χ(1, 2, 3) is the three-electron spin 1/2 wave function. The variational wave function is a linear combination of anti-symmetrized basis functions φ. With some truncations to avoid potential numerical linear dependence, all terms in Eq. (2) are included such that
where Ω is an integer. The computational details in evaluating the necessary matrix elements of the Hamiltonian may be found in [25] . The nonlinear parameters α, β, and γ in Eq. (2) are optimized using Newton's method. The convergence for the energies and other expectation values is studied by increasing Ω progressively. The basis sets are essentially the same as two earlier Hylleraas calculations of the static polarizabilities [17, 23] . The maximum Ω used in the present calculations is 12. The uncertainty in the final value of any quantity is usually estimated to be equal to the size of the extrapolation from the largest explicit calculation. Fig. 1 P state polarizabilities, so some of the n = 4 state energies have significant deviations from the experimental n = 4 state energies. The states with significant energy differences can be regarded as pseudostates. The uncertainties listed in Table I represent the uncertainties in the energy with respect to an infinite basis calculation. The actual computational uncertainty is very small and there is no computational error in any of the calculated digits listed in Table I .
With one exception, all the finite mass binding energies are less tightly bound than experiment. The differences from experiment are most likely due to relativistic effects. The exception where experiment is less tightly bound than the finite mass calculation is the 4 2 F state of Li. This exception was not investigated since the properties of this state do not enter into any of the polarizability calculations.
B. Polarizability definitions
The dynamic polarizability provides a measure of the reaction of an atom to an external electromagnetic field. The dynamic polarizability at real frequencies can be expressed in terms of a sum over all intermediate states, including the continuum. The dynamic dipole polarizability is expressed in terms of the dynamic scalar and tensor dipole polarizabilities, α 1 (ω) and α T 1 (ω), which can be expressed in terms of the reduced matrix elements of the dipole transition operator:
with
In the above, |n 0 L is the initial state with principal quantum number n 0 , angular momentum quantum number L, and energy E 0 . The nth intermediate eigenfunction |nL a , with principal quantum number n and angular momentum quantum number L a , has an energy E n . The transition energy is ∆E 0n = E n − E 0 . The q i are the charges of the respective particles and R i are defined in Ref. [35] . In particular, for the case of L = 0,
for L = 1,
In Eqs. (11) and (12), α 1 (P, ω) is the contribution from the even-parity configuration (pp ′ )P . The scalar and tensor polarizabilities can be easily related to the polarizabilities of the magnetic sub-levels, α 1,M (ω),
III. THE DYNAMIC POLARIZABILITY FOR THE ∞ LI ATOM AND THE ∞ BE + ION A. Ground state dynamic polarizabilities Fig. 2 shows the dynamic dipole polarizability of the lithium ground state as a function of photon energy. The chief errors in the dynamic polarizability are related to the convergence of the n 2 P excited state energies. The largest calculation used a basis with dimensions (N s , N p ) = (6412, 5761). The difference between the α 1 (ω) and polarizability computed with a (N s , N p ) = (4172, 3543) basis would be barely discernible in Fig. 2 . The convergence of α 1 (ω) is best at photon energies far from the discrete excitation energies of the n 2 P excitations. The polarizability is very susceptible to small changes in the physical energies at photon energies close to the n 2 P excitation energies. The uncertainties in the dynamic dipole polarizabilities of the Li ground state as well as the polarizabilities themselves are listed in Table II . All of the values listed are accurate to about ±1 in the fifth digit for ω ≤ 0.11388 a.u.. Some of the alternate calculations of the α 1 (ω) polarizabilities [18, [26] [27] [28] 32] are listed in Table II . Dynamic polarizabilities from some less accurate calculations [29] [30] [31] have not been tabulated. 
FIG. 3:
The dynamic dipole polarizability, α 1 (ω) for the ground state of the Be + ion. The singularities in the polarizability at the 2 2 S → n 2 P frequencies are marked.
One feature of Table II is the excellent agreement with the MBPT-SD calculation of Safronova et al. [32] . The MBPT-SD calculation and the present Hylleraas calculation are in perfect agreement when the MBPT-SD theoretical uncertainty is taken into consideration. While the MBPT-SD calculation is fully relativistic, its treatment of electron correlation is less exact than the present calculation. The MBPT-SD calculation also gives no consideration of finite mass effects. Relativistic effects would tend to decrease α 1 (ω) at low ω, and the MBPT-SD calculation gives slightly smaller α 1 (ω) at low ω.
The older CI-Hylleraas calculation of values of Pipin and Bishop [26] compares excellently with the present more modern calculation. All digits in α 1 (ω) from the CI-Hylleraas calculation are in perfect agreement with the present Hylleraas calculation. The model potential polarizabilities of Cohen and Themelis [18] are also very close to the present dynamic polarizability. The Cohen-Themelis potential was constructed using a Rydberg-Klein-Rees (RKR) inversion method. The Time-Dependent-Gauge-Invariant (TDGI) polarizabilities of Mérawa et al [27, 28] are only accurate to 0.5% or larger. The moderate accuracy of TDGI calculations has also been noted in calculations of the static polarizabilities [17] . The static polarizabilities for Be + in the infinite mass approximation have been presented recently [23] . The present calculation represents an extension of this earlier calculation since finite mass effects are now included. The dynamic dipole polarizabilities listed in Table III includes transition frequencies that extend well into the ultraviolet region. The most accurate of the few alternate calculations should be the CI-Hylleraas calculation of Muszynska et al [30] . However, it gives an α 1 (ω) that is about 1% smaller than the present polarizability. Space limitations precluded tabulation of the TDGI polarizability [28] . The TDGI polarizability was of only moderate accuracy with errors of about 2% for ω ≤ 0.6 a.u.. The uncertainty in the present polarizability is about 10 −4 a.u. for photon energies lower than 0.40 a.u., but has increased to 10 −2 a.u. at ω = 0.50 a.u.. The dynamic polarizabilities for the Li and Be + ground states are depicted in Figures  2 and 3 . There are obvious similarities in shapes of the two α 1 (ω) curves but with the Li polarizability being about 5-10 times larger in magnitude at comparable values of ω/ω 2s→2p . One difference between the two curves is that Be + has zeroes in α 1 (ω) at a discernible frequency difference before the 3 2 P and 4 2 P excitations while the α 1 (ω) negative to positive crossovers for Li occur much closer to the transition frequencies. The scalar and tensor dipole polarizabilities for the excited 2 2 P state of the Li atom are listed in Table IV . As far as we know the present calculations are the only dynamic polarizabilities presented for this state. The structure of the dynamic polarizability is complicated since both downward and upward transitions leads to singularities. This is seen most clearly in Fig. 4 which plots the polarizabilities for photon energies up to 0.10 a.u.. The tensor polarizability is generally small except in the vicinity of the 2 (11) and (12), for these terms are opposite in sign.
The dynamic polarizabilities for the Be + 2 2 P state are also tabulated in Table IV and depicted in Figure 5 The dynamic polarizabilities, α 1 (ω) and α T 1 (ω) (in a.u.), of the Be + 2 2 P state for photon frequencies below 0.40 a.u.. The scalar polarizability is given by the solid line while the tensor polarizability is given by the chain curve.
The static Stark shift for the 2 2 S → 2 2 P energy interval in an electric field of strength F is written as
where γ is the hyper-polarizability. The Stark shift depends on the magnetic quantum number M of the 2 2 P state. The relative size of ∆α and ∆γ determines the extent to which the Stark shift is influenced by the hyper-polarizability at high field strengths. The relative importance of ∆α and ∆γ is given by the ratio
Using the static polarizability and static hyper-polarizability for the Li atom results in ∆α = 37.1 and ∆γ = 9.99 × 10 6 giving X = 0.0001 at F = 6.67 × 10 −5 a.u. (344 kV/cm) and X = 0.001 at F = 2.11 × 10 −4 a.u. (1087 kV/cm). These estimates of the critical field strength where the quadratic Stark shift is valid depend slightly on the magnetic quantum number and exact values can be determined by using M-dependent polarizabilities. Stark shifts of higher order than the hyper-polarizability can be comfortably ignored at the 0.01% level provided the field strength is less than 1100 kV/cm. The static Stark shift for Be + is not interesting since it is difficult to measure as a Be + ion immersed in a finite electric field is accelerated away from the finite field region. (2) from Li is that the Be + shift has no zero for energies below the 2 2 S → 2 2 P threshold. The first zero in the Stark shift (excepting those related to a singularity) is at 0.263 a.u..
E. Analytic representation
The utility of the present calculations can be increased by constructing a closed form expression for the dynamic polarizability. This is done by retaining the first 3 terms in Eq. (7) explicitly and then expanding the energy denominator in the remainder. The expressions explicitly include oscillator strengths up to the n = 4 principal quantum numbers. The closed form expression is
where 
Here f 2s→np are the dipole oscillator strengths for the 2 2 S → n 2 P transitions with transition energies ∆E 2snp . The S(−n) are the Cauchy moments of the remainder of the oscillator strength distribution and are independent of ω. The C(ω) is an approximate term to represent the summation from the term S(−18) to S(∞). The ratio, η 1 = S(−n − 2)/S(−n), is assumed to be constant and its value is set at S(−16)/S (−14) . Numerical values of the various constants in Eq. (16) can be found in Table VI . Inclusion of the remainder term has greatly increased the precision of the analytic fit to the exact dynamic polarizability.
The analytic representation for the Li 2 2 S state is accurate to 0.01 a.u. for ω 0.1612 a.u. and to an accuracy of 0.1 a.u. for ω 0.1728 a.u.. The dynamic polarizability for the Be + 2 2 S state maintains its accuracy over a larger ω range. It is accurate to 0.001 a.u. for ω 0.543 a.u., to 0.01 a.u. for ω 0.58605 a.u. and 0.1 a.u. for ω 0.6 a.u..
The presence of zeroes in the dynamic polarizability near the singularities means that the relative error in the analytic representation can get very large in a frequency range very close to the zeroes. Neglecting these localized regions with anomalously high relative uncertainties, the relative difference between the analytic representation and actual dynamic polarizability for the Li 2 2 S state was less than 0.001% for ω 0.1399 a.u., 0.01% for ω 0.1551 a.u., and 0.1% for ω 0.1651 a.u.. The relative difference for the Be + 2 2 S state obtained by the variational Hylleraas method was less than 0.001% for ω 0.4737 a.u., 0.01% for ω 0.5067 a.u. and 0.1% for ω 0.52575 a.u.. The inclusion of the remainder term, C(ω) improved the accuracy of the analytic representation by one or two order of magnitude within the frequency range listed above.
The dynamic dipole polarizabilities of the 2 2 P states of Li and Be + have both scalar, α 1 (ω), and tensor, α T 1 (ω), parts. The scalar part can be written
The 2p → n ′ P excitation involves a core excitation and the intermediate state is an unnatural parity 2 P e state. The tensor part is
where f 2p→mL 1 means the oscillator strength from 2p state to mL 1 state transition. S T (−2), S T (−4), S T (−6) · · · are the coefficients corresponding to ω 0 , ω 2 , ω 4 · · · terms of the tensor part. The remainder term, C T (ω) is an approximate expression to take into account the S T (−18) → S T (∞) summations. The factor η T 1 is set to be η . All parameters in the analytic representation are given in Table VII .
The first two terms of Eqs. (19) and (21) include five resonances, which make the major contribution to the polarizability with the second term involving excitations to D states being the most important. This is clearly seen in the Li α 1 (ω) of 185.542(5) a.u. at ω = 0.04 a.u.. The contribution of the first summation of Eq. (19) was −8.8717 a.u., while the second summation contributed 175.8241 a.u.. The value given by Eq. (19) was 185.5378 a.u., which agrees with the exact value at the level of 0.0004%.
The analytic representation for the scalar polarizability α 1 (ω) of the Li 2 2 P state is accurate to 0.01 a.u. for ω 0.0855 a.u. and to 0.1 a.u. for ω 0.0937 a.u.. The analytic representation for the tensor polarizability, α T 1 (ω), is accurate to 0.01 a.u. for ω 0.0926 a.u. and to 0.10 a.u. for ω 0.1 a.u..
The relative error in the analytic representation of α 1 (ω) for the 2 2 P state of the Li atom is less than 0.001% for ω 0.082 a.u., 0.01% for ω 0.0871 a.u., and 0.1% for ω 0.0906 a.u.. The relative error of the analytic representation for α T 1 (ω) is less than 0.001% for ω 0.0815 a.u., 0.01% for ω 0.0932 a.u., and 0.1% for ω 0.0995 a.u..
The dynamic polarizability of the Be + 2 2 P state maintains its accuracy over a larger range of ω. It is accurate to 0.001 a.u. for ω 0.3513 a.u., to 0.01 a.u. for ω 0.3837 a.u. and 0.1 a.u. for ω 0.4111 a.u.. The absolute error for α P state is less than 0.001% for ω 0.3265 a.u., 0.01% for ω 0.3434 a.u. and 0.1% for ω 0.3534 a.u..
IV. FINITE MASS CORRECTIONS
The effect of the finite mass was to decrease the Li atom and Be + ion binding energies listed in the Table I . Therefore, it is not surprisingly that the ω = 0 polarizabilities of the Li and Be + ground states are increased in Tables II and III . The overall changes of the ω = 0 polarizabilities are 0.03% and 0.04% for Li and Be + respectively. The finite mass polarizabilities are larger than the infinite mass values at ω = 0 a.u.. These differences can be taken as indicative of the overall change in the polarizabilities at finite frequencies below the first excitation threshold. The differences are naturally larger near thresholds.
The finite mass effect for the Li 2 2 P state increased its polarizability by 0.001% (Table  IV) while decreasing the polarizability for the Be + 2 2 P state (Table IV) by 0.08%. This behavior for Be + is due to the 2
S downward transition. The increased negative contribution from this transition is enough to outweigh the increased positive contributions from transitions to more highly excited states.
As a general rule, the magnitude of the polarizabilities for both upward and downward transitions increase for the finite mass calculations. The residual Cauchy moments S(−n) in Table VI and Table VII all increase for the finite mass calculations since these are computed exclusively from upward transitions.
V. OTHER EFFECTS AND UNCERTAINTIES
A. Estimate of Relativistic effects
The major omission from the present calculation is the inclusion of relativistic effects. The larger part of the energy difference between the present finite mass calculations and the experimental binding energies in Table I is due to the omission of relativistic effects. Relativistic effects will alter the polarizability calculation in two ways. First, the energy differences will be changed. Generally, the binding energies of all states can be expected to be slightly larger. Secondly, there will be some changes in the reduced matrix elements. The wave functions for the n 2 S and n 2 P states can be expected to be slightly more compact since they are more tightly bound.
Correcting for the relativistic energy is simply a matter of replacing the theoretical energies in the sum rules by the experimental values. The spin-orbit weighted averages were used for states with L ≥ 1. The corrections to the transition matrix elements are made by recourse to calculations using a semi-empirical model potential that supplements the potential field of a frozen Hartree-Fock (HF) core with a tunable polarization potential [20, 23, 36] . Polarizabilities for Li and Be + computed with this approach reproduce Hylleraas calculation at the 0.1% accuracy level [17, 20, 23] .
The method used to estimate the relativistic effect upon matrix elements relies on comparing two very similar calculations. One calculation has its polarization potentials tuned to reproduce the finite mass energies of Table I . The other calculation is tuned to give the experimental energies. The matrix elements for the low lying transitions that dominate the dynamic polarizabilities are then compared. The differences between the "finite-mass" calculation and the "experimental" calculations are then determined. These changes in the matrix elements are then applied as corrections to the set of Hylleraas matrix elements. The only matrix elements that are changed are those involving transitions inside the 2 (Table I ). This represents a reduction of the polarizability by 0.047 a.u.. A coupled cluster calculation of the lithium ground state estimated that relativistic effects reduced its polarizability by 0.06 a.u. [37] . The static polarizability of the 2 2 P state of 7 Li, namely 126.947 a.u., was increased to 126.970 a.u. (Table IV) . This gives a Stark shift of −37.144 a.u., which is in agreement with the experiment of Hunter et al [13] which gave −37.14(2) for the 7 Li 2 2 S − 2 2 P 1/2 Stark shift. Another calculation was made to check the 2 2 P 1/2 :2 2 P 3/2 polarizability difference. The MBPT-SD calculation gave a difference of 0.015 a.u. [22] . Doing two calculations tuned to give a 2 P spin-orbit doublet. A MBPT-SD calculation gave a line strength ratio of 1.000524 (once angular momentum factors were removed) [38] . Turning the core potential in a semiempirical model based on the Schrodinger equation [38] gave a value of 1.000618. The available evidence supports the conjecture that it is possible to use the energy differences between the Hylleraas and experimental energies to get an initial estimate of relativistic corrections for other properties such as the polarizability. The uncertainty in the correction would seem to be about 20%. To a certain extent the cancelations involved in adding the finite mass and relativistic corrections together leads to polarizabilities that are close to the infinite mass polarizabilities.
The static polarizability of the Be + ground state was reduced from 24.506 to 24.489 a.u.. This represents a reduction of 0.4%. However, the static scalar polarizability of the 2 2 P state increased from 2.0231 to 2.0285 a.u., an increase of 0.24%. The static tensor polarizability changed from 5.8589 to 5.8528 a.u.. The heavier mass and larger nuclear charge means relativistic effects are substantially larger than finite mass corrections.
Dynamic polarizabilities and their analytic representations from the set of matrix elements with the estimate of the relativistic effect are listed in Tables II -VII as the recommended values. The changes to analytic representation only involved changes in the oscillator strength and energy differences for a few states. [39] , C 6 fixed from [19] 11.0022(24) Li 2 spectrum [8] , C 6 fixed from [19] 11.00241(23) Li 2 spectrum [8] , C 6 fixed from [20] 11 Recently Le Roy et al [8] analysed the ro-vibrational spectrum of the lithium dimer obtaining an estimate for the C 3 parameter describing the long range C 3 /R 3 potential of the A-state that dissociates to the 2 2 S and 2 2 P states. The C 3 parameter can be related to the 2 2 S − 2 2 P multiplet strength. The determination of Le Roy et al represented an order of magnitude improvement in precision over any previous determination of C 3 .
The current value of C 3 = 11.0007 a.u. computed with relativistic corrections is about 0.0155% smaller than the experimental value of Le Roy et al. The finite mass calculation with the relativistic correction is closer to experiment than the infinite mass C 3 , but there is a remaining discrepancy of 0.0017 a.u.. It is not likely that QED effects can explain the discrepancy as Pachucki et al found that these were 2.5 times smaller than relativistic effects in the polarizability of helium [40] . It must be recalled that the Le Roy et al experiment is reporting an order of magnitude improvement in experimental precision. Going to such extreme levels of precision means there might be small corrections that need to be applied to the analysis of the data that have not received consideration. For example, the value of C 3 will be different for states asymptotic to the 2 2 P 1/2 and 2 2 P 3/2 levels. The analysis of Le Roy et al uses a common C 3 value for both members of the spin-orbit doublet. Irrespective of this, it should be noted that experiment and theory are incompatible at precisions better than 0.01%.
The difference between the present and Le Roy C 3 is used to assign an error to the present polarizability calculation. Changes of 0.008% were made to the 2(3) 2 S − 2(3) 2 P matrix elements, the polarizabilities were recomputed, and the differences assigned as the uncertainty in the recommended values. This difference is actually larger than the estimated relativistic change in the matrix element. Therefore, the recommended static polarizability of the Li ground state is 164.11(3) a.u.. Uncertainties in the 2(3) 2 P − 3 2 D matrix elements are smaller (relativistic effects have a smaller impact on these matrix elements) and have not been included in the uncertainty analysis. The final value for the static scalar polarizability of the 2 2 P state was 126.970(4) a.u., while the tensor polarizability was 1.612(4) a.u.. The same uncertainty analysis was applied to the Be + ion polarizabilities. The recommended value for the ground state is 24.489(4) a.u.. The static 2 2 P scalar polarizability was set as 2.0285(10) a.u. while the tensor polarizability was set to 5.8528(10) a.u..
Uncertainties in the recommended dynamic polarizabilities in Tables II, III , IV and V were computed by making corrections to the matrix elements, recomputing and then observing the change. These uncertainties are best interpreted as indicative as opposed to rigorous estimates.
VI. SUMMARY
Definitive non-relativistic values for the dynamic dipole polarizabilities of Li and Be + in their low-lying 2 2 S and 2 2 P states have been established using the variational method with Hylleraas basis sets. Calculation for both finite and infinite nuclear mass systems have been performed. Analytic representations for the dynamic polarizabilities of the Li atom and the Be + ion have also been developed. These results can serve as a standard against which any other calculation can be judged.
Subsidiary calculations have been used to estimate the impact of relativistic effects that are not explicitly included in the Hylleraas calculation. It is recommended that the value of 164.11(3) a.u. be adopted as the static polarizability of 7 Li. The uncertainty of 0.03 a.u. is based on the difference between the present C 3 and that of Le Roy et al [8] . This accuracy level is also supported by the 7 Li 2 2 S − 2 2 P 1/2 Stark shift of −37.14 a.u. which is in perfect agreement with the value of −37.14(2) given by the high precision experiment of Hunter et al [13] . The recommended static polarizability for Be + is 24.489(4) a.u.. The dynamic polarizabilities that have been obtained can be used as an atom based standard for electromagnetic field intensity. These polarizabilities can be regarded as an initial attempt to develop atom based standards for polarizability and Stark shift measurements. The primary virtue of the method with which the relativistic corrections were evaluated was simplicity of computation. For present purposes, the estimate of the relativistic corrections only has to be accurate to 10-20% for the recommended polarizabilities to be valid. The comparisons that have been done with fully relativistic calculations suggest that the estimates of the relativistic corrections are indeed accurate at this level. However, a more rigorous estimate using the Briet-Pauli Hamiltonian and perturbation theory would be desirable [40] [41] [42] .
